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Abstract. In order to extend the spectral action principle to non-compact 
spaces, we propose a framework for spectral triples where the algebra may be 
non-unital but the resolvent of the Dirac operator remains compact. We show 
that an example is given by the supersymmetric harmonic oscillator which, 
interestingly, provides two different Dirac operators. This leads to two different 
representations of the volume form in the Hilbert space, and only their product 
is the grading operator. The index of the even-to-odd part of each of these 
Dirac operators is 1. 

We also compute the spectral action for the corresponding Connes-Lott 
two-point model. There is an additional harmonic oscillator potential for the 
Higgs field, whereas the Yang-Mills part is unchanged. The total Higgs poten- 
tial shows a two-phase structure with smooth transition between them: In the 
spontaneously broken phase below a critical radius, all fields are massive, with 
the Higgs field mass slightly smaller than the NCG prediction. In the unbroken 
phase above the critical radius, gauge fields and fermions are massless, whereas 
the Higgs field remains massive. 



1. Introduction 

One of the greatest achievements of noncommutative geometry pQ is the con- 
ceptual understanding of the Standard Model of particle physics. This was not 
reached in one step. It took more than 15 years 

• from the first appearance of the Higgs potential in noncommutative mod- 
els [2, S] 

• via the two-sheeted universe of Connes-Lott [1] with its bimodule struc- 
ture pQ, 

• the discovery of the real structure [5] (which eliminated one redundant 
U(l) group), 

• the understanding of gauge fields as inner fluctuations in an axiomatic 
setting [6] and the move from the Dixmier trace based action functional 

l 
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to the spectral action principle [7], which unifies the Standard Model 
with gravity, 

• the supersession of the unimodularity condition [8] (which eliminated 
the second redundant U(l) group), 

• to the spectacular rebirth [9] with the explanation [10J of the C © H © 
Ms(C) Standard Model matrix algebra as the distinguished maximal 
subalgebra of M 2 (H) © M^C) compatible with a non-trivial first order 
condition (i.e. Majorana masses) and a six-dimensional real structure 
(i.e. charge conjugation). 

There is one important message of this evolution: One should never be com- 
pletely satisfied with one's achievements! The description given in Alain Connes' 
book [TJ definitely has its beauty. The little annoyance with the redundant U(l) 
found its solution in the real structure [5] which soon was realised as a key to 
unlocking the secrets of spin manifolds [6] in noncommutative geometry. This 
axiomatic setting initiated many examples of noncommutative manifolds and cul- 
minated in the recent spectral characterisation of manifolds jl lj . 

Let me give a wish list for further improvements — not as a criticism of the 
model, but rather possible source of insight. 

(1) Quantisation. The outcome of the spectral action principle is a classical 
action functional valid at a distinguished (grand unification) scale. It is 
connected to the scale realised in a particle accelerator by the renormali- 
sation group flow. This flow can be computed by rules from perturbative 
quantum field theory. The input is not directly the spectral action, but 
a gauge-fixed version of it which involves Faddeev-Popov ghosts. It is 
highly desirable to include these ghosts in the spectral action, because 
in this way unitary invariance is realised as cohomology of the BRS 
complex. We may speculate that the BRS cohomology of the spectral 
action is deeply connected to the wealth of noncommutative cohomol- 
ogy theories. As a starting point one might use results of Perrot [12J, 
who identifies the BRS coboundary as the de Rham differential in the 
loop space C°°(S 1 , 14(A)) and connects the chiral anomaly with the local 
index formula |13j . 

(2) Big desert. The present form of the spectral action is based on the big 
desert hypothesis which asserts that, apart from the Higgs boson, all 
particles relevant at the grand unification scale are already discovered. 
The minor mismatch between observed and predicted U(l) coupling con- 
stant (see Figure 1 in [§]) might suggest some new physics in the desert. 
Candidates include supersymmetry and dark matter, but also noncom- 
mutativity of space itself could alter the slope of the running £7(1) cou- 
pling. 

The latter question concerning the renormalisation group flow of field 
theories on noncommutative geometries was intensely studied in the last 
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decade. After unexpected difficulties with UV/IR- mixing, we established 
perturbative renormalisability of scalar field theories on Moyal-deformed 
Euclidean space |14L 115] . The key is a deformation also of the dif- 
ferential calculus, namely from the Laplace operator to the harmonic 
oscillator Schrodinger operator. It turned out indeed that the combined 
Moyal-harmonic oscillator deformation removes the Landau ghost of the 
commutative scalar model [16J by altering the slope of the running cou- 
pling constant [17J. Since the {/(l)-part of the Standard Model has the 
same Landau ghost problem, we might expect that, once the Standard 
Model has been grounded in an appropriate noncommutative geometry, 
the three running couplings of Figure 1 in [S] will eventually intersect in 
a single point. 

The first step in this programme is to construct a spectral triple 
with its canonically associated spectral action for the combined Moyal- 
harmonic oscillator deformation. The present paper achieves an interme- 
diate goal: We construct and investigate a commutative harmonic oscil- 
lator spectral triple. Its Moyal isospectral deformation will be treated in 
[18J, building on ideas developed in [19] . The main obstacle was to iden- 
tify a Dirac operator whose square is the harmonic oscillator Hamiltonian 
of |14j . The solution which we give in this paper is deeply connected 
to supersymmetric quantum mechanics [20], in particular to Witten's 
approach to Morse theory |21j . It would be interesting to reformulate 
Witten's results in noncommutative index theory using the spectral triple 
we suggest. 

(3) Time. The spectral action relies on compact Euclidean geometry. For 
the Standard Model one typically chooses the manifold S 3 x S 1 , where 
S 3 is for "space" and S 1 for "temperature", not "time". Although the 
universe is filled with thermal background radiation, it is desirable to 
allow for a genuine time evolution of the spectral geometry. In fact, 
noncommutative von Neumann algebras carry their own time evolution 
through the modular automorphism group, and it has been argued [22J 
that this is the source of the physical time flow. So far the modular 
automorphisms seem disconnected from the spectral action. The most 
ambitious project to reconcile time development and spectral geometry 
within generally covariant quantum field theory was initiated by Paschke 
and Verch [23] . 

(4) Compactness. As mentioned above, the spectral action presumes com- 
pactness, namely, compactness of the resolvent of the Dirac operator. 
The example we study in this paper shows that compactness of the re- 
solvent does not imply spacial compactness. It is eventually a matter of 
experiment to determine the type of compactness of the universe. 
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The paper is organised as follows: We propose in Section [2] a definition of 
non-unital spectral triples, but with compactness of the resolvent of the Dirac 
operator. We show in Section [3] that the supersymmetric harmonic oscillator is an 
example of such a spectral triple: In Section 13.11 we introduce the supercharges 
in a slightly generalised framework and discuss briefly their cohomology. The 
supercharges give rise to two distinct Dirac operators. In Section 13.21 we identify 
for the harmonic oscillator the algebra and the smooth part of the Hilbert space. 
In Section 13.31 and Appendix [A] we compute the dimension spectrum. The novel 
orientability structure is studied in Section l3^ and Section l331 discusses the index 
formula for the Dirac operators. The spectral action is computed in Section H] 
and Appendix [0 In the final Section we study the solution of the equations of 
motion. 

2. Non-compact spectral triples 

Motivated by the spectral characterisation of manifolds we propose here 
a definition of spectral triples which does not require the algebra to be unital. 
There are several proposals in the literature for a non-compact generalisation 
of spectral triples, see |24| and references therein. To include the M. d with its 
standard Dirac operator, these proposals relax the compactness of the resolvent 
of T> to the requirement that tt(o)(T> + i) _1 is compact for all a G A. However, 
compactness of the resolvent (or similar regularisation [25]) is essential for a well- 
defined spectral action. Moreover, the usual Dirac operator on R d is not suited 
for an index formula [26]. We therefore keep compactness of the resolvent (and 
thus exclude standard M d ), but to achieve this in the non-compact situation we 
are forced to give up (at least in our example) 

(1) the universality of dimensions, 

(2) the connection between volume form and Z^-grading. 

We give some comments after the definition. To simplify the presentation we re- 
quire the algebra to be commutative; the noncommutative generalisation involves 
the real structure J. 

Definition 1. A (possibly non-compact) commutative spectral triple with fi- 
nite volume (A,TC,T>) is given by a (possibly non-unital) commutative and invo- 
lutive algebra A represented on a Hilbert space TC and a selfadjoint unbounded 
operator T> inTi with compact resolvent fulfilling the conditions 1-5 below. 

(1) Regularity and dimension spectrum. For any a £ A, both a and 
[D,a] belong to fXLidom(5 n ), where 6T := [(£>), T] and (V) := (V 2 + 

1)*. 

For any element of the algebra ^>q(A) generated by 5 m a and 
5 m [D,a], with a G A, the function (<f,{z) := Tr((f)(D)~ z ) extends holo- 
morphically to C \ Sd for some discrete set Sd C C (the dimension 
spectrum), and all poles of ^ at z G Sd are simple. 
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(2) Metric dimension. The maximum d := max{r G Ifl Sd} belongs to 
N. The noncommutative integral J- a(T))~ d is finite for any a E A and 
positive for positive elements of A. 

(3) Orientability . For the preferred unitisation 

B:={be A" : b, [V, b) G p| dom(5 m )} , 

there is a Hochschild d-cycle c G Zd(B,B), i.e. a finite sum of terms 
b Cg) b\ ® ■ ■ ■ ® b d . Its representation 7 := ttx>(c), with rtvipo ® b\ ® ■ ■ ■ ® 
bd) '■= bo[D,bi] ■ ■ ■ [D, bd], satisfies *y 2 = 1 and 7* = 7. Additionally, 7 
defines the volume form on A, i.e. 

</> T (a , ...,a d ):=j- ('ya [V,ai\ ■ ■ ■ [V, a d }(V)~ d ) 

provides a non-vanishing Hochschild d-cocycle (j)^ on A. 

(4) First order. [[£>, b], b'] = for all b, U G B. 

(5) Finiteness. The subspace Ti^ := O dom(T' fc ) C H is a finitely gen- 

erated projective A-module eA n , for some n G N and some projector 
e = e 2 = e* G M n (B). The composition of the noncommutative integral 
with the induced hermitian structure ( | ) : 7ioo x Ti^ — > A coincides 
with the scalar product ( , ) on Tioo, 

&V) = -f (it\v) {V)~ d ) , ^i7GWoo. 

The dimension spectrum was introduced by Connes and Moscovici |13j pre- 
cisely to describe by a local formula the lower- dimensional pieces in the Chern 
character that are ignored by the top-dimensional Hochschild cohomology class. 
The local index formula was generalised in [27] to a larger class of examples. We 

are interested in a similar situation. For non-unital algebras we may have the 

_ 1 

characteristic values of the resolvent of T> run as (D(n p) for p greater than the 
metric dimension d. The dimension spectrum is the right tool to deal with this 
case. 

It would be interesting to know whether Definition (TJ despite its differences 
with Connes' original definition [llj . allows reconstruction of a manifold structure 
on the spectrum X = Spec(A) of the norm closure A of A. At first sight, the 
construction of candidates for local charts only uses the measure A on X defined 
by the noncommutative integral A(/) = ■£ f(D)~ d for / G A — C(X) and the 
fact that the Hilbert space Ti is precisely the L 2 -closure of Ti^ with respect to 
A. The details of how -f f ' (T>)~ d is constructed, whether as a state- independent 
Dixmier trace or as a residue in the dimension spectrum, do not seem to enter. 
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In particular, Lemma 2.1 of [llj holds: if 1 £ A, then E = A (in the notation 
of Definition [T]), so that conditions 3), 4), 5) are the same as in [11] . with the sole 
exception that 7 is not necessarily the Z2-grading for even d or 7 = 1 for odd 
d. However, this was only used for uniqueness of the noncommutative integral, 
which we achieve alternatively from the dimension spectrum. But [11] §9] makes 
heavy use of the asymptotics of the eigenvalues of (X 5 ) -1 to prove injectivity of the 
local charts; we do not know how to achieve this from the dimension spectrum. 

3. A spectral triple for the harmonic oscillator 

3.1. Supersymmetric quantum mechanics. Supersymmetric quantum 
mechanics provides an elegant approach to exactly solvable quantum-mechanical 
models [20J and is also a powerful tool in mathematics |21j. Our notation is a 
compromise between [20] and [21] , 

Let X be a <i-dimensional smooth manifold with trivial cotangent bundle 
and d^, for \i = 1, . . . , d, be the basis of the tangent space T X X induced by the 
coordinate functions. On the Hilbert space L 2 (X) we consider the unbounded 
operators 

(1) a, = e~" h d,e" h = d, + W,, a\ = -e u %e^ h = -d, + W, , 

where h is some real- valued function on X, the Morse function [21] . and W^{x) = 
uj(d fl h)(x). The resulting commutation relations are 

(2) [a M , a v ] = [a*, a*] = , [a M , a£] = lud^h . 

We define fermionic ladder operators 6 M , which satisfy the anticommutation 
relations 

(3) {b», b u } = , {6^, b ]v } = , {b», b ju } = 8^ . 

We also let all mixed commutators vanish, [a£ r, b^ v \ = 0. We introduce the 
supercharges H, 0t by 

(4) := a M ® tf» , f := a\ ® If . 

Unless otherwise stated, we use Einstein's summation convention, i.e. summation 
over a pair of upper/lower greek indices from 1 to d is self-understood. The 
supercharges satisfy 

(5) {0,0} = {0t,0t} = O, {0,0t}=:£, = f>] = 0. 

The Hamiltonian i} introduced by the anticommutator reads explicitly (index 
raising by 5^ u ) 

(6) $j = V> M , 4} <g> 1 + i[o M , at] ® W] 

= ( - + w 2 (9^)(^)) <8> 1 + (8) [6^, 61 . 
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The supercharges give rise to two anticommuting Dirac operators 

(7) v 1 = + n f , v 2 = in - LQt ; 

(8) V] = Sj for i = 1, 2 , T?!T? 2 + X? 2 X?! = . 

We let |0)/ be the fermionic vacuum with cV |0)/ = 0. By repeated application 
of one constructs out of |0)/ the 2 d -dimensional fermionic Hilbert space /\(C d ) 
in which we label the standard orthonormal basis as follows: 

(9) I*, ..., Sd ) f = (b^r ■ ■ ■ (^no> f , s ,e {o, i} . 

The fermionic number operator is Nf = b^b^, with Nf\si, . . . , Sd)f = (si + 
■■• + Sd)\si, . . . , Sd) f- The fermionic Hilbert space is N-graded by /\(C d ) = 
0p =o A p (C d ) with dim(AP(C d )) = (jj). Accordingly the total Hilbert space 
H = L 2 (X) ® /\(C d ) is graded by the fermion number Ti = ©p =0 ^p- Note 
that : Hp — > H p+ i and 0^ : 7i p — > TCp-±. The induced Z 2 -grading operator is 

(10) r = (-1)^ , r 2 = i , r = r* , rv i + v i r = o . 

Let Bp{u) be the dimension of the p-th cohomology group of 0, i.e. the number 
of linearly independent ip p G ker0 fl H p that cannot be written as ip p = 0r? p _i 
for some r\ G Ji v -\. According to Witten |21j . B p (uj) coincides with the Betti 
number B p and is deeply connected with the Morse index M p for the function h: 
Let x a be a critical point of h, i.e. {d ll h){x) = 0. If d p d v h is regular at each of 
these critical points, then M p is the number of critical points at which d^dyh has 
p negative eigenvalues. The weak Morse inequalities M p > B p follow from the 
eigenvalue problem for in the limit of large u. 

By Hodge theory, which relies on Hilbert space structure, every generator of 
the p-th cohomology group of has a unique representative ip which is also 0^- 
exact (and thus belongs to kerfj). Since the b^ generate linearly independent 
subspaces, this means (no summation over /x, v) 

(11) (up ® b jfl )tp = and (4 ® b p )tp = for all p, v = 1, . . . , d . 
The only candidates are (up to a multiplicative constant) 

(12) ij; = e- uh \0)f and ^ d = e uh b n . . . 6 td |0)/ . 

For compact manifolds, where both e ±ujh are integrable, this yields B Q = 1 and 
Bd = 1 as the only non-vanishing Betti numbers. In the non-compact case one 
should choose e~ ujh integrable, so that e wh is not integrable, and hence B p = 
Spo. Of course, this behaviour is due to the assumption of a trivial cotangent 
bundle. For more interesting topology one should define the smooth subspace of 
the Hilbert space as a finitely generated projective module. 
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3.2. The harmonic oscillator. In the following we propose a spectral triple 
in the sense of Definition [T] with objects related to the harmonic oscillator. We 
will check the axioms, but no attempt will be made to reconstruct a manifold. 

HI 2 

The harmonic oscillator is obtained from the Morse function h = 1L ^- = 
hS^XpXv on the manifold M. d . This leads to the relation 

(13) [a M , 4] = 2u8^ , 

which in turn permits a complete reconstruction of the eigenfunctions by repeated 
application of a^,tf u to the ground state i/; — |0)& ® |0)/ G keri}, with |0)& = 

(-)^e^^" :c " 2 . Defining 



(14) |n 1 ,...,n d ) > = ==(a;r---(4n0) 6 , n.GN, 

v/ni! . . . n^!(2ci;) ni+ '" +nd 

the tensor products |ni, . . . , rid)b® |si, . . . , sa)f of (fl~4l) with form an orthonor- 
mal basis of the Hilbert space H = £ 2 (N d ) <g> C 2 " ~ L 2 (R d ) <g> A(C d ). 

There are two ways of viewing the Hamiltonian (J6l). In the /^(mis- 
representation, we have 

(15) S) = H®l+u®i; , H = -d^ + u 2 x^, S = [fot , , 

i.e. the total Hamiltonian is the sum of the harmonic oscillator Hamiltonian and 
u times the spin matrix E. This representation will be useful when considering 
the algebra A later on which is also realised in the L 2 (IR d )-representation. In the 
£ 2 (N d )-representation, we have 

(16) V\ = V\ = ft = a\a? <g> 1 + 2cj ® = 2cu(N b + N f ) , 
which is up to a factor of 2u the supersymmetric number operator: 

(17) ^(K, • • • , n d)b ® \si, ■ ■ ■ , s d ) f) 

d 

= + sS) (l n l> ■ ■ ■ > n <*)& ® l S l' • • • ' S d)f) ■ 

In particular, the kernel of T>i is one-dimensional, and the resolvent of T>i is 
compact. To deal with the kernel, we introduce 

(18) (V) := (V\ + 1)3 = iV 2 2 + 1)5 , 5T := [(V), T) for T G B(W) . 

Counting the number of eigenvalues < N one finds that (T>) is a noncommu- 
tative infinitesimal of order 2d, and (D)~ p is trace-class for p > 2d. Formula (JT 
also shows that 

(19) Hoo := p| dom(£> n ) = S{N d ) ® /\(C rf ) ~ S(M d ) ® /\(C d ) ~ (^(l^)) 1 

m>0 
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which is required to be a finitely generated projective module over the algebra of 
the spectral triple. We are interested here in the commutative case so that we 
are led to consider the algebra 

(20) A = S(R d ) 

of Schwartz class functions with standard commutative product. The hermitian 
structure is pointwise the scalar product in /\(C d ), i.e. (£\rj) = Y^H=x^iVi f° r 

£ = (fi, • • • , &««), v = (vu ...,%-) e Woo = {S(R d )) 2d . 

As usual, we represent the algebra A on Ti by pointwise multiplication in 

L 2 (R d y. 

(21) f(iP ® p) := (ftp) ®p for feA, ^ G L 2 (R d ) , p G /\(C d ) . 

The action of A commutes with b^ 1 , so that we obtain 

(22) [Vi, f] = d,f ® (6t" - 6") , [P 2 , /] = 0„/ ® (i&t" + i&") . 

In particular, the first-order condition is satisfied. For / G A, the expansion 
coefficients (ni, . . . , 71^1/1^, . . . , n' d ) are Schwartz sequences in n^, n'. Therefore, 
/ and [T>i, f] belong for any m G N to the domain of 5 m . 

We show in joint work with H. Grosse |18] (which supersedes |19j ). that the 
Moyal- deformation of «S(R ) together with the same Dirac operator and Hilbert 
space forms a noncommutative spectral triple in the sense of Definition [H i.e. an 
isospectral deformation. 

3.3. Dimension spectrum. In this subsection we take for T> either of T>\ 
or T>2- We consider the algebra ^o(^) generated by 5 m f and 5 m [D, /]. As (T>)~ z 
is trace-class for Re(z) > 2d, the ^-function (<t>( z ) '■= Tr(0(P)~ 2 ) exists for such 
z G C and (f> G ^o(A) and can possibly be extended to a meromorphic function 
on C. The following theorem identifies the poles and the structure of the residues: 

Theorem 2. The spectral triple (A, H., T>) has dimension spectrum Sd = d— N 
and hence metric dimension d. All poles of at z G Sd are simple with local 
residues, i.e. for <fi = 5 ni f\ ■ ■ -S nv f v , any residue res 2S sdC</>(- 2 ) a finite sum of 

I dx x a °(d ai fi) ■ ■ ■ (d av f v ), where cti are multi-indices. The analogous result 

jR d 

holds when fa in <p is replaced by [D, fA. 

This theorem is the central result of this paper. We give the rather long proof 
in Appendix [Al 

A special case of the proof of Theorem [2] is the computation of the Dixmier 

trace: 

Propositions. lf{V)- d = -i— — / dx f(x) for any f e A. 

J (47r)2T(^) JRd 
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Proof. As the dimension spectrum is simple, the Dixmier trace can be com- 
puted as a residue [28] , is independent of the state u, and defines unambiguously 
the noncommutative integral: 



(23) 
Taking v = 



J^f(V)- d = res s=1 Tr(f(V)- sd ). 

raxing v — 1 and n\ = in (182]) and inserting det Q and Q~ l from fl85|) and flBBl) 
as well as ( |80l) . we have 

We write f(p) = f(0) +P M ^-(0) +p„p v / dA (1 - A)— -^-(Aty) and get 

CPfi Jo OP^Pu 

P 2 

(25) W) [ e^l^fiO)-^ 

(4ir)Jr(f)7o Uaiih(^ )/ _ 

ff((o) 

As | </(?/) | < f° r a ll 2/ e we have 

(26) / rft *„ 2 e"* / dA </(At ) < / dt t 2 e~ to = T(f ) , 



/o </o 



which is regular for s = 1. The first-order term p M J^-(0) does not contribute as 
an odd function in p. In the remainder, j Q l d\(l — A) ® p | (Ap M ) is bounded, and 

„2 



(27) 



(2?r) d ^tanhVio) ~ ~2~(47r)i Uanh(^ ) 



provides another factor of to so that the remainder does not contribute to the 
residue at s = 1. The assertion follows from /(0) = / cfe /(x). □ 

l r 

Therefore, with the normalisation (£,??) = / dx (£ m) of the scalar 

^ 11 (47r)lr(^) U K U1 

product in TC, the finiteness condition is satisfied. 
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It remains to discuss the orientability, for which we need the algebra 
(28) B := {b G A" : 6, [V, b] G f| dom(5 m )} . 

meN 

Clearly, B is unital and commutative; we now show that it contains the plane 

waves w M = e lXlJ -. 



Lemma 4. w M = e l 



G £ . 

Proof. From f!73|) . which applies without change to T = u^, we get (no 
summation over fi) 



(29) S n u, 

We have 
(30) 



-i 



71"'' 



n derivatives 



A; 



n— 

= ( e (-i) i5i (riT^-)( ad ^)) |5| ( 5 ) 



n 1 



■ 5e{l,2,...,n} 

where the sum runs over all subsets S C {1,2, ... ,n} including the empty set. 
After relabelling of the \S\ elements of S, which gives a factor (|™|), we have 



(31) 5 n (u,) 



■\n " 

— E 



k=0 



X 



A <py + A . i^^jA, e lx } . . . } n ^ 2 + ^ 

n+k derivatives ^ 



The anticommutators can be arranged as a finite sum with r < n derivatives on 
the right and I < k derivatives on the left of e lxM . Each such term is estimated 
by 

k 

(32) 

.In " \L>)- - A, 

3- 

x) d\V\(v) " 



i=l 1 = 1 



2 + A,) 2 



< ||<z>>- 2 WII \\(d,Y(vy 



which is bounded because the integral in the second line evaluates to |. 



□ 



By the same arguments one shows that the algebra C£°(lR d ) of smooth 
bounded functions with all derivatives bounded is contained in B, and it is plau- 
sible that actually B = CI 



: & °°(R d ) 
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3.4. Orientability. Here the distinction between T>\ and T> 2 is crucial again. 
It follows from the standard example of the compact case that 

. d(d-l) 

(33) c = e(o-) - (m! ■■■u d ) ®H ff( i) <g> . . .u a{d) G Z d (B,B) 

is a Hochschild ci-cycle, 6c = 0. From f[22|) and ([3]) we obtain 

(34) 7l := ^(c) = i^(6ti _ 6 i } . .. (ftt d _ ^ 
l2 : = ^(c) = i^(6t 1 + b 1 ) ■ ■ ■ (tf d + b d ) . 

Both 7^ commute with every element of A or B. Using the anticommutation 
relations ([3]) and (6 M )* = b*^, we have 

(35) t? = 1 = 72 , 7* = 7i > 72 = 7 2 • 
Decomposing the fermionic part of the Dirac operators T>i in M M ± 6 M , we have 

(36) (6^±^) 7l = ±(-l) d 7i(^±^) , {b^±W) l2 = T(-l) d 7 2 (& tM ±^) • 

Therefore, ± 6 M and hence Pj always (d even or odd) anticommute with the 
product 7x7 2 , which turns out to be (up to a factor) the Z 2 -grading (—1)^ of 
the Hilbert space: 

(37) (-i) d 7i7 2 = i d 7 2 7i = (^b n - b ]1 b l ) ■ ■ ■ (b d b ]d - b ]d b d ) = (-iff . 



This is quite different from conventional spectral triples [11] with a single operator 
V. 

3.5. The index formula. We let H = 'H ev @'ri odd be the decomposition into 
even and odd subspaces with respect to the fermion number operator (— 1) * ' . The 
T>i are off-diagonal in this decomposition, Z>, = T>f + T>~, with Vf = T>i\ n ■ 

H ev — ► T~todd and T>\ = (Vf)* = T^i\ H ■ 7~todd —> T~tev 

There is a well-defined index problem for D~l due to Elliott, Natsume and 
Nest [26] . The Vf are elliptic pseudodifferential operators in the sense of Shubin 
with symbol a;. Then, the analytic index 



(38) index (T>f) = dim kerVf — dim kerT> i 

can be computed by an index formula for the symbol a» as described below. 

Following [26J, we associate to (appropriate) operators V a : *S(lR n ;C fc ) — > 
S(R n ; C k ) the symbol symbol a G M k {C°° (T*R n )) by 

(39) (V aV )( x ) = -L- [ ^dye^-^ ai (x,0v(y), V G S(R n ; C k ) . 

The symbol a is said to be elliptic of order m if there exist C, R > such that 
a(x,0*a(x,0 > C(\\x\\ 2 + ||e|| 2 ) m U for ||x|| 2 + ||£|| 2 > R. 
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For m > one defines the graph projector 

and the matrix e a = e a — J j £ M 2 k(C (T*W a )) , i.e. e n vanishes at infinity 

for m > (the entries of e a are of order — m). Using continuous fields of C*- 
algebras, the following index theorem is proven in [26J: 

THEOREM 5. IfV a is an elliptic pseudo-differential operator of positive order, 
then 

(41) index (?a) = 7^— y / tr(e a (de a ) 2 ") , 

where T*M. n is oriented by dx\ A d£i A ■ ■ • A dx n A d£ n > 0. 

Back to our example. Restricting Vf to the even part of 7ioo, we regard 
Vf : S(R d ;C 2d ~ l ) -> 5(M d ;C 2<i_1 ). The symbol a { G M 2 d-i (L7°°(T*M d )) of V+ is 
obtained from the action of H, 0* on the basis e 1 ^' \si, . . . , s^)/- F° r example, we 
have for d = 2 in the matrix bases (jjjgj) of ( /\(C d )) ev and (]JJ>J) of ( A(C d )) odd 
the representation 



(42) 1 (ari,x 2 ,6,6 



i£i + cj.ti -(— i£ 2 + ux 2 ) 
i£ 2 + ^2 — i£i + UX\ 



The product Oi(x, £)*Oi(x, is the restriction of the symbol of H to the even 
subspace. This implies 

(43) 0^,0*0*^,0 = (uj 2 \\x\\ 2 + ||£|| 2 )1 2 ^ , 

i.e. ellipticity of order 1 if u > 0. Note that the usual Dirac operator i^^d^ on 
W 1 is not elliptic in this sense. 

For d = 2 an already lengthy computation shows 

96u 2 dxi A d£i A dx 2 A d£ 2 



(44) tr(e ai de ai A <ie ai A de ai A de ai ) 



(1+^+^2+^2 + ^)5 > 

which yields 

(45) index W ) = ^ 5 ^ j ( a™d«jf 2.^ = 1 . 

This is of course expected in any dimension d: the (one-dimensional) kernel of 
T>f is spanned by the GauBian e - ^"" 11 " |0, . . . , 0) /, and the cokernel is trivial. 
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4. The spectral action for the [/(l)-Higgs model 

In the Connes-Lott spirit [4] we take the tensor product of the (d = 4)- 
dimensional spectral triple (A,H,T>i) with the finite Higgs spectral triple (C © 
C, C 2 , Mo"i, (J3), which is even with Z 2 -grading 03. Here, M is a real number, 
and <7fc are the Pauli matrices. For the bosonic sector considered here only the 
spectrum of T>% matters, so that V>\ and X> 2 gi ye identical results. The total Dirac 
operator V = T>\ <S> 0-3 + 1 <8> Ma± of the product triple becomes 



(46) V 



V l M 
M -£>! 



In this representation, the algebra is A ® A 3 (f, g) with diagonal action by 
pointwise multiplication on TL tat =TL@'H. The commutator of V with (/, g) is 

(47) \V(f a\\-( W M ^~f) 

This shows that selfadjoint fluctuated Dirac operators = P + £^ ajfD, &i] are 
of the form 

1 ' A \ 0®1 -X>i - LB M ® (6^ - 6") 

for real fields = A^, = G A and a complex field G *4. The square of 
£> A is 

(49) 

V 2 = ( H®1 + uj® £ + iF A + |0| 2 ® 1 1^0 ® (6tA« _ &n) 

A ~ V (b^ -V) H 1 + to £ + \F B + I 

where 

(50) D M 0:=9 M + i(A ll -B lt )<j>, 

F A := {X>!, A„ ® - 6^)} + tAjA ® (6 f/1 - ^)(6 tiy - 6") 

(51) = A 1 } - iA,JP) ® 1 + ^ ® [6f - 6", 6 tl/ - 61 

and similarly for Fb- Here, = dp,A v — d u A^ is the [/(l)-curvature (field 
strength), and the explicit appearance of x has dropped in Fa because of {b^ + 
b", tf v - b u } = 0. 

According to the spectral action principle [6J, [7] , the bosonic action depends 
only on the spectrum of the Dirac operator. Thus, by functional calculus, the 
most general form of the bosonic action is 



(52) 



POO 

S(V A ) = Tr( X (P 2 )) = / dt Tr(e- tv A)x(t) , 

Jo 
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for some function x '■ ^+ ~~ > ^+ f° r which the operator trace exists. The sec- 
ond equality is obtained by Laplace transformation, which produces the inverse 
Laplace transform x of x( s ) — Jo°° dt e~ st x(t). One has 



(53) X z := / dt t z X (t) 



oo 







| WZzj J" ds s'^xis) iovz<£N 
( (-l) fe x (fc) (0) for z = k 



e N . 



To compute the traces Tr(e tx> ^) we write T>\ = H — V, with H := H + 
and consider the Duhamel expansion 



(54) e 



-to(Ho-V) 



e 



-'■■11.. _ / (ft, _^( e -(to-ti)(Ho-V) e -tiH^ 

dtx v ; 

-to 



Jo 

= e- tolio + [ dt x ( e -(*o-*i)Hoy e -*iHo) 

+ / rfti / ° dt 2 ( e -(*»- t ^ i2 ) Ho 'l/e-* 2Ho 1/e~* lHo ) + . . . 
Jo Jo 

rto rto—tl tn-1 

+ / dt X . . . / dt n ( e -(*0-*i--*»)Ho(y e -tnHo) . . . (y e -*iHo)) + 

Jo Jo 

oo „ n 

= e -* oHo + V q / <Ta ('e~* o(1 - |Q|)Ho r[(Ve-* oa ' H °) 
n=i ^ An V j=l 



where the integration is performed over the standard n-simplex A n := {a := 
(cki, . . . , a n ) el™, aj > , |a| := a\ + • ■ ■ + a n < 1}. 

Using tr(e^ S4 ) = (2 cosh(u;t)) 4 and the Mehler kernel f!76|) . the vacuum con- 
tribution without V is 



(55) Tr(e-* (//+wE) ® 12 ) = (2 tr(e wSt )) f dx e 



tH i 



.2ir sinh(2u;t) . 

2 

tanh 4 (a;£) 



16 RAIMAR WULKENHAAR 

With coth 4 (cjt) = 7^4j + 3 ^ 2 + f§ + C(t 2 ) we get under the usual assumption 
X^(0) = for k — 1, 2, 3, . . . the asymptotic expansion^ 

(56) 5o( ^ ) = ^ + ^ + ^5-- 

For the further computation we distinguish the vertices (see ( H9j) . fl50|) and 

AMD) 

diag(i{^,^}®l,i{^,S M }®l) , 

diag( - ® 1 - |0 2 | <g> 1, ® 1 - |0 2 | <g> 1) , 

diag( - iF£ <g> iffet/* - ^, &t" _ y], -iF* ® \[b^ - V, - b v \) , 

—D^cf) ® (fetf - &/*) 

7^0 <g> (&t" - 6 M ) 

We compute the traces of the spectral action in the same way as the residues of 
the ^-function in Appendix |A3 The main step consists in computing the following 
trace: 

(58) S tl _ tv (V u ...,V V ):= Trfoe-^^e- 1 * 11 . . . V v e' UH 

either with Vi = ft or V { = -i{<9 M , Jf } = -i(9 jU /f) - 2i/f9 M . We realise this 
alternative as V$ = //~ ni {-i^, /4 ni with G {0, 1}: 

(59) 

cini...n„ / /■ /• \ 

Ul) • • • > in) 

dXidpi 



(57) V! 

v 3 



E-E^L^(n (ar) . 



fe 1= fc„=0 

x ; 

, i ■■'■'" ri i i 



1 The Laplace transformation for the vacuum contribution can be performed exactly. For 

14- ~~ 2x 

powers of coth x = 1 _^_ 2:c we have 



1 + y\ n _ 1 , V- (k + n-l)\ f-k,-n 
T-^J - 1 + 2^ jfej ^i-fc-n 



i)y k 



=F„(fc) 

Particular values are Fi(fc) = 2, F 2 (fc) = 4Jfc, F 3 (fe) = 8fc 2 + 4, F 4 (fc) = 16fc 3 + 32fc and 
F§(k) = 32fc 4 + 160fc 2 + 48. Inserted into (|52|) we obtain after Laplace transformation 

oo 

So(2?a) = 2x(0) + Xl( 32fc3 + 64fc)x(2cjfc) . 

k=l 
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ni nv r / v An \ , ,ki+-+k v 

e-eL n " ' 



4), VA1 (2vr) 4 / (2sinh(w(tj + --- + t 1 ,))) 4 



fe 1= feo=0' 



■in^(ft)(^{R)4^(H,A^-ll h 



where and Q 1 are given in (183]) and fl86|) . From the formulae analogous to 
flHHD and d90]) we thus obtain 

(60) 

qni...n v if f \ 

°ti,...t v Ul) • • • ' Jv) 

e L (n(^)(5in4w(n r "' w(/rwr ) 



fci+rn-f . . . +ri„ =Tii,.. 

Y%% — , Tij — Tjj_ 



* (n (E^») fc ) (n K«^n-^ . 

where tji :— tj + • • • + tj-i — — — and t :— ij. + • • - + t v 

For the spectral action we are interested in the small-t behaviour. From 
( I86p we know that the singularity in sinh~ 4 ~^-' i< j ' r ' J (out) is protected by 
ex P(~ ^tajih"(^it) ) umess the total momentum is conserved. Thus, Taylor- 
expanding the pref actor about p v = — (pi H — • +p v _i) up to order p and GauBian 
integration in p v yields 

^;X = o(t- 2 -L !a± ^J + rfii). 

To obtain the spectral action, there are apart from the (at most) i-neutral matrix 
trace the v integrations over t\, . . . ,t v which contribute another power of t v . If 
there are Vi vertices of type Vi present, with vi+- ■ = v, then nj + - ■ •+n v = t>j, 
and we have for such a contribution 

s t (v^ . . . v^) = o(t~ 7+va+V3+w * + ^ + W) . 

Only the non-positive exponents contribute to the asymptotic expansion so that 
it suffices to compute the following traces of vertex combinations: 

(1) V2 with Taylor expansion up to order p = 2 (V3 and V4 are traceless, and 
in V\ alone there is necessarily k\ = rii = 1 and then no sum over i 7^ j), 

(2) V1Y1 with Taylor expansion up to order p = 2, 

(3) V1V2, V2V1 and Vj.Vj.V2, V1V2V1, V^VjVj with Taylor expansion up to order 

P = 0, 

(4) V2V2, V3V3 and V4V4 with Taylor expansion up to order p = (mixed 
products are traceless), 

(5) V1V1V1 and ViVj.Vj.Vj with Taylor expansion up to order p = 0. 
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We compute these vertex combinations in Appendix Q31 The spectral action 
is the sum of (HDD]), (flOI]) . ffTUTD . ffTUgj) . ffTTTD . (jTT51> and ([115]). Altogether, the 
spectral action of the Abelian Higgs model reads 

(61) = — + — - + 



3cj 2 45 

Xo 



/ dx { + Fg'Fspv) + A^P' 

JR4 L t^ 

2y -I0I 2 + I0I 4 + 2c 2 |N| 2 |0| 2 )(x)^ 



+ , 



Xo 

The scalar sector (putting A = B = and ignoring the constant) is almost 
identical to the commutative version of the renormalisable 4 -action [14] . 

(62) 

S(V A )\ A=b=0 = ^ [ dx\d^(d^) + 2uj^x\\ 2 \<p\ 2 ~^\<p\ 2 +\<f ) \ i }(x). 

The crucial difference is the negative mass square term, which leads to a drasti- 
cally different vacuum structure, as shown in the next section. 

5. Field equations 

We can assume the solution of the corresponding equation of motion to be 
given by A = B = and <p a real function. Then, the Euler-Lagrange equation 
reads 

(63) -A</> + 2cj 2 ||x|| 2 + 20 3 -2^i0 = O. 

In terms of the rescaled radius r = 24\/aJ||a;|| and the rescaled field <p — J^ x V 7 
we have the rotationally invariant equation 

(64) - <f"(r) - -ip'ir) + (r 2 - 4/i 2 V(r) = -A<^ 3 (r) , 

r 



2 X-l 71 



2 



\/8o;xo ' VZ^Xo 
We expand (p in terms of eigenf unctions of the four-dimensional harmonic oscil- 
lator, 



OC 



2 

(65) if = — = V C^^n , 

V A n=0 

V» := e"^,(r 2 ) , ( - - ~ + r 2 )cp n = 4(n + 1 )y? r 
We are thus left with the equation 

oo oo 

(66) ^2 c n{^ 2 -n - l)<f n = ^ C k ClC m (p k (pi(p m 
n=0 k,l,m=0 
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or, using the orthogonality relation, 

(67) c n (fi 2 -n-l) = —— c ^iCm / dt e~ 2t t L\(t) L]{t) L x m {t) L l n {t) . 

00 

The generating function (1 — z)^ 01 ^ 1 exp(— ) = L1{t)z k is used to obtain 

k=0 

(68) c n (/i 2 - n - 1) 

CfcQc m / d k d l d m (1 — yz — yw — wz + 2wyz) n \ 
k\l\m\\dw k dy l dz m (2 — y — z — w + yzw) n+2 J w =y=z=o 



With a cut-off iV for the matrix indices, this equation can be solved numerically. 
It turns out that except for a region about r = 4/i 2 the convergence is quite good. 
Figure [1] contains plots of the vacuum solution ip vac (r) for 4/z 2 = 9 and 4/x 2 = 13 




1 2 3 4 5 6 



Figure 1. The lower curve at r = shows (f vac (r) in units of ^7=, 
with cut-off at N = 10. The upper curve at r = is the ellipse 
y? 2 + \r 2 = fi 2 . The error is below 1% for r < 1.8/x. The true curve 
fvac(r) is expected to stay always below the ellipse and to connect 
smoothly (at least C 2 ) to ip vac = for r > 2\i. 



due to the negative curvature -(<£>" + -<£>') < which effectively reduces /1 2 . For 
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r > 2/i we should have <£> mc ( r ) = as the only solution^. We also expect that 
for jj, — > oo, where the ellipse becomes flat, the vacuuum solution approaches its 
limiting ellipse. This limit is connected to the limit uj —>■ 0, i.e r = 24 -^/a7||aj|| — ► 0. 
In this the limit the usual constant Higgs vacuum is recovered: 

jr^V = X-i 
^ r 2 X l A xl 

For finite u the cut-off for <p vac at r = 2fi implies that (p vac is an integrable 
function. 

The vacuum solution 



(69) lim0 2 = 77^-— :— = — 2~ = cons t 



( 7 °) —TtPv 



VA V A n \ n z [i 

sets the scale for the bare masses of gauge fields and fermions. On the other 
hand, the bare mass of the Higgs field is obtained from the shift of the Higgs 
potential into its minimum and therefore reads 



(71) .A/2u,((r> - V) + Jv% = /j^ Vjg^Mll^ . 

We compare in Figure [2] the scale of gauge field mass with the scale 

\\j\ L Pvac ~~ l^ 2 + | r2 °f the bare Higgs mass. Reinserting to we obtain the fol- 
lowing two-phase structure: 

• A spontaneously broken phase for u; 2 ||x|| 2 < 

Fermions, gauge fields and Higgs field are all massive, with the Higgs 
mass slightly smaller than the prediction from noncommutative geometry 
[9]. In particular, this phase is the only existing one in the limit u — > 0, 
and in this limit the NCG prediction is recovered. 

• An unbroken phase for uj 2 \\x\\ 2 > 

r J II n xo 

Fermions and gauge fields are massless, whereas the Higgs field remains 
massive. 

The model we have studied is a toy model. But as it is a noncommutative 
geometry like that of the NCG-formulation of the Standard Model [9], it is ulti- 
mately an experimental question to set limits on the frequency parameter u. To 
be compatible with both high energy and cosmological data, u has to be extremely 
small. We definitely live in the spontaneously broken phase a; 2 ||x|| 2 < and 



xo 

the observable universe is very close to u; 2 ||a;|| 2 = 0. Nevertheless, a regulating 
uj ^ has some nice consequences such as integrability of the Higgs vacuum and 
integrability of the cosmological constant. 

One may speculate how an u> ^ can be detected. We mentioned the re- 
duction of the ratio between Higgs mass and Z mass compared with the NCG 



The numerical convergence in the figure is bad for r w 1\x. 
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Figure 2. The scale ^p(r) (middle curve at r = 0) of the 

gauge field mass compared with the scale ^ \J\ ( f1aci r ) ~ \l J < 2 + I 7 " 2 
of the Higgs field mass (lowest curve at r = 0) and the limit- 
ing ellipse s 2 + = 1 and hyperbola ^ — s 2 = |. Cut- 
off again at N = 10. The true curve £^(r) should always 
stay below the ellipse and connect smoothly to = for 

r > 2fi. The true curve ^-^/|v 9 Lc( r ) — \l Jj2 + I 7 " 2 should stay be- 
low f or r < whereas for r > 2/x one should exactly have 



prediction. However, in presence of to ^ the /3-functions must be recomputed 
so that at the moment no prediction is possible. In cosmology, limits for u could 
be obtained from precision measurements of the ratio between the proton mass 
and the electron mass at far distance. The electron mass which governs the 
atomic spectra via the Rydberg frequency should vary in the same way as the 
Higgs scale ^^ H2£ . On the other hand, the proton mass arises mainly from broken 
scale invariance in QCD and therefore can be regarded as constant. This means 
that the gravitational energy of a standard star is constant whereas its transition 
into radiation energy might vary with the position of the star in the universe. 
Observational limits on such a variation would limit the value of u. 
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Another observable consequence could be a variation of the cosmological con- 
stant. The Higgs potential at the vacuum solution is negative and hence reduces 
the volume term of the cosmological constant. Thus, the effective cosmological 
constant would increase with the radius (the masses of gauge fields and fermions 
dissipate into the cosmological constant). 

6. Conclusion and perspectives 

We have proposed a definition for non-compact spectral triples (A, Ti, V) 
where the algebra is allowed to be non-unital but the resolvent of the operator T> 
remains compact. The metric dimension is defined via the dimension spectrum; 
it is (in general) different from the noncommutative dimension given by the decay 
rate of the characteristic values of the resolvent. 

Our definition excludes non-compact manifolds with the standard Dirac op- 
erator, but this is necessary for a well-defined index problem and a well-defined 
spectral action in the non-compact case. An example for our definition is given 
by operators V> which are square roots of the <i-dimensional harmonic oscillator 
Hamiltonian —A + uj 2 x 2 . These square roots are constructed by conjugation of 
the partial derivatives with e ±ujh , where h is the Morse function. This relates to 
super symmetric quantum mechanics, in particular to a special case of Witten's 
work [21j on Morse theory. 

The most involved piece of work was the computation of the dimension spec- 
trum which showed that the metric dimension is the oscillator dimension and 
that all residues of the operator zeta function are local. Due to its relation to 
super symmetry, there are in fact two Dirac operators T>\ and X>2, which define 
two distinct images y 1 and 7 2 of the <i-dimensional volume form, and only the 
product 7i7 2 defines the Z 2 -grading. 

We have computed the spectral action for the corresponding Connes-Lott 
two-point model. In distinction to standard M. d , the spectral action is finite also 
in the cosmological constant part. The result is an Abelian Higgs model with 
additional harmonic oscillator potential for the Higgs field. The resulting field 
equations show a phase transition phenomenon: There is a spontaneously broken 
phase below a critical radius determined by the oscillator frequency u, which 
for small enough u is qualitatively identical to standard Higgs models. Possible 
observable consequences are discussed at the end of the previous section. Above 
the critical radius we have an unbroken phase with massless gauge fields. This 
phase is necessary to have an integrable vacuum solution for the Higgs field. 

The class of spectral triples we proposed deserves further investigation. We 
show with H. Grosse |18] that there is an isospectral Moyal deformation of the 
harmonic oscillator spectral triple. Some ideas appeared already in our preprint 
[19J, but the mathematical structure was unclear at that point. The field equa- 
tions of the preprint |19j are correct, but their "solution" is wrong. It misses 
the phase transitions which we first observed for the commutative model in the 
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present paper. We expect that the phase structure is much richer in the Moyal- 
deformed model. A hint can already be found in the pure gauge field sector, which 
leads in terms of "covariant coordinates" to the field equation [X M , [X^, X v ]\ = 0. 
This equation has the Moyal deformation [X^, X„] = = const as a solution, 
but also commutative coordinates [X^, X v \ = 0; the preferred solution arises from 
a subtle interplay with the boundary conditions. One may speculate that these 
boundary conditions change with the temperature of the universe, so that the 
(non) commutative geometry could emerge through a cascade of phase transition 
when the universe cools down. The Moyal-deformed harmonic oscillator spectral 
triple could serve as an excellent toy model to study these transitions. 

On the mathematical side, the relation to supersymmetric quantum mechanics 
needs further study. In particular, a real structure (or better several real struc- 
tures) must be identified to reduce the multiplicity of the action of the algebra 
from its present value 2 d to 2z in order to support a spin c structure. One should 
also allow for a non-trivial projection e to define the smooth subspace 7ioo = eA n 
of the Hilbert space. The corresponding action of V>i or its components 0, £}t 
would then permit a complete reformulation of Witten's approach [21] to Morse 
theory in the framework of spectral triples and noncommutative index theory. 
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Appendix A. Proof of Theorem [2] 




Let V denote T>\ or V 2 . The spectral identity A = — 



f 

Jo 



•oo 



d\ A 2 



for a 




oo 



1 



1 



(72) 



(vy + a 



[V 2 ,T] 



(V) 2 + A 
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From (1151) we recall that T> 2 = H + cjE, where if = —d^d^ + l^x^x 11 and E 



[6L & M ] satisfy [if, E] = 0. This implies 
(73) 



The case T = [V u f] = ® (6^ - or T = [X? 2 , /] = ® (i&tP + ife**) is also 
reduced to T = /; only ad(E) distinguishes them, and each application of ad(E) 
makes ST more regular. It is therefore sufficient to study T = f and k = n. 
Using [H,f] = -(A/) - 2(9"/)a„ = -{a„,8»/}, we have 



fc=0 V ' J0 i=l 



\ (W + A* 

x (a*-*^ . . . p*/)^ a w n (v) 2 + x . ■ 

j=l 3 

By linearity, it suffices to consider <fi = (S ni fi) ■ ■ ■ (S nv f v ). The most conve- 
nient way is to compute C^{z) as a trace over position space kernels, 

(75) 

:= Tr((5 ni /i) • • • {S nv f v ){V)~ z ) 

= trf /"did |Lr / (n d w)(^/i)(wi.w)---(^-7«-i)(lfo-i,lfe) 

x(^V,)(y„2/o)(e- to(0)2 )(yo,yi; 



The remaining trace tr is taken in f\(C d ). Further evaluation is possible thanks 
to the (i-dimensional Mehler kernel 

d 

(76) e~ tH (x v) = ( ^ V e -?c°th(a)t)||a;-y|| 2 -f tanhC^Hai+yll 2 

v ; v ' y; V27rsinh(2^)/ 

for x,y G lR d , which solves the differential equation (4 + H x )e~ tH (x, y) = with 
initial condition lim^ e~ {x, y) = S(x — y). Uniqueness of the solution implies 

(77) / dy e~ tlH (x, y)e~ t2H (y, z) = e~^ +t " )H (x, z) . 
We can therefore recombine left and right Mehler kernels 

1 r°° 

(78) 1 =/ dti , k e-U^H^i^) 
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in (IT3|) and integrate over 
(79) 

(S ni fi)(yi,y i+ i) 



V r M2 fc< 1 ; / TT 



3 e 



x / Gfej e~ SlH (yi, Xi)(A ni ~ kl d^ . . . d^fi)(xi) — -e" 7 ^, , 

ftrf 1 . . . dx^ 

where Si := Y^j-=i s h an d := 5^2=1 We insert this into (!75|) . move e~ SlH 
under the trace to the end, and perform the ^-integrations which combine the 
Mehler kernels into e~^ H [xi, Xj+i), with Tj = 2o;(T i + + 5j„to) and the 
convention v + 1 = 1. The remaining trace in /\(C d ) is 

(80) tr(e- Ey ) = tr(e-^ +1 ' 61 ] • • • e -^ d ^) = (2coshy) d . 
Now the ki partial derivatives of the Mehler kernel read 

( 81 ) E U^^-iriA^.-.^/ON— -e-^(x,,x m ) 

= V ; rrr | t j" < - fc< -' < (-l) fe<+ ' < 2' < coth ,i (r i )(A fci+Ii 9^ . . . (a*) 

f ^ / ■ 1 £?• It ■ I ' 



ki+2li-\-ri=ni 



x ( JJ ((xj - x i+ i) coth | + (xi + x i+1 ) tanh j e ^ ( Xi; 



3/ i 

1 



f dp% A 

We represent the /j by their Fourier transform /i(x) = / - — ^ fi{Pi) e iPl 

J R d [2ix) 

write the in (IHTj) as derivative with respect to Pi,Pi+i, respectively, and 

obtain after Gaufiian integration of the Xi 



(82) c*w= e n-— 



v hikiW ;r(|)(2v^)^+-+^ 

fcl+2'i+r-i =m,..., 4=1 ^ 



V Tli 
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where 



(83) P M i(r i; 



d d 



dpi ' dp. 



nn^ 

i=i i=i 



coth 



5 5 



<9pi dp, 



5 



i+l 



5 



(det Q) 



dPi j dPi 



+ tanh^( - + -) 

9p< ^Pi+i 



9 



i+l 



and 
(84) 



/ sinh(T\,+Ti) 
sinh t v sinh ti 



-1 



Q 



UJ 

2 



-l 



-i 



sinh n 





sinh n 

sinh(ri+r 2 ) 

sinh ti sinh T2 sinh T2 

-1 sinh(r2+T3) 

sinh T2 sinh T2 sinh T3 



V 



sinh : 











sinh t v 





\ 







sinh(r 1 ,-2+Tt,-i) 
sinh r„„2 sinh t„_i 
-1 



-1 



sinh 



Tv-l 



sinh t v — 1 
sinh(T„-i+T\,) . 
sinh t v _ 1 sinh t v / 



By Gaufi- Jordan elimination and multiple use of the addition theorems for 
sinh it is straightforward to compute the determinant and the inverse of the 
symmetric matrix Q (the result also holds for v = 1): 



(85) 
(86) 

(87) 



UJ 



detQ= 



v 4 sinh 



2n 



Ti + ' ■ ■ + T v )) 



n i=1 sinhri 



cutanh(|(r 1 + h r v )) 



+ Q 



Qi 



2 sinh(i(ri H h r^)) sinh(i(r j H h t^)) 

cjsinh(^(ri H hr„)) 



where in Qy one of the chains + • — h Tj-i or Tj + h Ti_i passes the index 

u = 0. The determinant can also be obtained from the fact that for p = we 
just have the trace over the concatenation of Mehler kernels ( l77f) . 

The action of (P„i) on e~4? )< 3 1 p is partitioned into /;;■ out of single con- 
tractions, l[ double contractions and halves of mixed contraction with another 
index j ^ i such that + l\ + r «i = r «- Their number is 



if we 



2 , iJ / i !^!r i i!".n,,l 

put rjj = and = r^. Together with the multiplying p { J , a single contraction 
gives a factor 

(88) tfPA-bQ-'p) 



_P±_y^ sinh(^ 



■+Tj- 1 -T4 T t _i ■ 



o;sinh( T1+ -: +T " ) 



-PiPj 
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A double contraction with respect to the same index i gives a factor 



(89) pfpfP^PA-ipQ-'p) = ( - + - coth( , 

V UJ Ul 

A mixed contraction with respect to different indices i 7^ j gives a factor 

■ ■ coshf 7 "^'"" 1 " 7 "'" 1 " 7 "' T " J ~ 1 ) 

(90) pfpf P^i-lpQ-'p) = 2 J 

J u;smh( 2 ) 

We insert these formulae into fl82l) and notice that the sum over /j, combines to 

2 

a joint sum (with new index li) involving only the factor - 1 coth(i(Ti + ■ • ■ + t v )) 
from (I89p . whereas cotliTj cancels. In the same way, the sum over hi, k\ cancels 
the term — pf from ( 1HH1) so that only the sum over j 7^ i remains: 



fci+2Zi+ri =ni,..., rn+ . . . +ri„ = n, . . 
ri+ . . . +r v = 2m 



v 



,,1 \ Om, ,ZiH hitj+m 

E E II 



M,!*: i !;r(f)(2Vi : )"'- 



X 







roovvH dt .. d e-Cto+E^iC^+Ti)) 
d *o*o / ] 1 [I 



i j!i + (tanh^^)^-^ 



nA)fnlf cosh £S= - ■ 

11(2^^^^^ sinh(i^) Wj 



x 



n(E Smh( ~I^^ 1 m) •(Pl)'-/,fe))e-i 



. 1 WV U 



= 1 



The zeta-function potentially has a singularity for r = n + ■ • • + r„ — >• 

2 + hfcu J - — 1 

of order r 2 d . The contribution | is from dto > the measure 
n^Jr contributes ni+ ' 2 ' + "* , and (tanhf ^(sinh |)-n a +-+r„- M con- 
tribute — (d + 1± H h l v + ri+ " 2 +Tv ). However, the independence of the leading 

_(jn±_+pvf_ 

term in Q" 1 from i,j shows that this singularity is protected by e " tanh 5 un- 
less the total momentum is conserved, pi + - • -+p v = 0. The remaining singularity 
is identified by a Taylor expansion in p v about p v := — (pi + • • • + p«-i) up to 
order p to be determined later: 

(92) F( Pl ,...,p„) 

V- (Pv-PvTd^F. _ 

= y, j q-^t(pi> ■ • • 

MS a! ^ 

+ >. j / «A (1 — A/-7r-^-(pi, . . . ,Pv-l,Pv + A(p„ — , 

\a\=p+l 
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where a is a multi- index. Together with the measure dp v , the last line combines 
with tanh- d m to a factor dP P? +1 e~ p2 tanh £± ^(5), where P = p ;~ pv . For 

z v 1 ^/tanh ~ 

sufficiently large but finite p we shall see in fl96l) that the potential singularity in 

z 

to is cancelled so that the last line of (1921) is regular. The bilinear form in the 
exponent has the form 

V — 1 V— 1 

(93) e -tf*- l f = e " 1 , g:=^Q^-. 

We can thus perform the Gaufiian integration over p v and obtain for the restricted 
zeta function ( r where the second line of (I9~2l) is removed: 

(94) 



m\---n v \ 

fel+2Zi+rn+...+ri„ =ni,..., v 2^ V V 7 



X 



fcl+2Zi+r„l+ . . . +r vv = n v , 
Tii — , Tij — Tji 



u-1 



^ (_2)1 Q 1 / ^^ip,^!^..!^ ^.p-p. 



" ? | \ ^ J |(7'-' ••"""■-<< j ■'' ' ' ' — ' i — ' ~ 1 r ' 7-—.,- 

(2ttW ^ ot\ dq a 



\a\<p 



x 



2 cosh(tt)tij) 



E sinh(^) 
sinh(^i) 



,2\L 



where i = = to + ^r=i( T ^ + ^) and ^ = ^(r^H hr i _ 1 )-^ ; (r i H h7y_i) 

The g-derivatives and the quadratic form in the exponent become with Q^- = 

cosh(wtij )— cosh(tjt) 
u) smh(u)t) 

(95) V (~ 2 ) H d H / c ^g 2 tanhM)-Ip„ E px 1 <3„iPi-! Eijii 5«wpA £?!1 

v ; ^ a\ dq a \ J dp? 

/ „_1 sinh(wt^)8inh(wtT.) \ 

= 2J (u;tanh(a;t)) a+|a| e"v^ J = 1 2 - sinh (2-t) 



|o|+2a<p 

1/ <9 2 \° 1 /^ 2sinh(a;^)sinh(a;^) \ a gH 
a! KdpJdp^J c^Xjr^ wsinh(a;t) Pj J dp* 



x 
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where £,•„• = t + tk v \, . ,. . s and t% =t + t v k\, ,. Note that fl95l) is bounded 
for all t. 

We insert ( 195]) into ([Mj) . We change the integration variables to to = (1 — u)t, 
Y^i=i(Si + ^i) = u ^ with integration over t from to oo, over u from to 1 
and over the surface A given by Y^=i(^i + ^i) = 1- We write the denominators 
. }, is = -Arr ■ ■ w and - — = t^t • , tj and expand the bounded (at 
0) fractions sin ^^ and tan h(a>t) into a Taylor series in The numerators in 

hyperbolic functions of (ut) and (urtij) and ^^r^. are expanded into a Taylor 
series in their arguments. Then, for each term in the sum, the u, t-integral is of 
the form 

(96 ) J_ dt i(|-| + ^±^ + a + 2|a|+6-l) e -t P ^ _ u) f -1^=1^ +c-l 

r(|-f + fcl+ ' 2 +fc " + a + 2|a| + 6) r(^±^ + c) 

~ r(f + wi+ - 2 - + "" T^j ' 

where the integers b > c > arise from the Taylor expansion. The remaining 
integration over the simplex A is regular because from the Taylor expansion only 
positive powers of the integration variables appear. From (1961) we deduce the 
following information about the pole structure: 

• For z ^ Z or for z > d there is no pole. 

• For z = d — N with iV G N, and n\, . . . , n v such that z + ri\ + ■ ■ ■ + n v 
is even, there is a pole for a finite (and non-vanishing) number of index 
combinations and finite Taylor order p = d + n\ + • • • + n v — k\ — ■ ■ ■ — k v . 

This concludes the proof that Sd = d — N. 

It remains to characterise the nature of the residues. From ( 1941) we conclude 
that the residues are given by the integral over pi, . . . ,p v ~i of an integrand which 
is a polynomial in p x , . . . ,p„-i times Yli=i fiiPi) times possible derivatives of 
f v (p v ). Reconstructing the p v - variable by a 5-function and integrating by parts 
the derivatives of f v (p v ), the residue becomes a finite sum of the form 

(97) res z=d _ N (az)) 

ao -W v ti ( 27r ) ti 

= V / rfxc Q0 ... a „(-i)i ai i + - + i a "ix Q0 fT(9 a 7 J )(^) , 

ao,..,^^ i=l 

where the a, are multi-indices which contract to a Lorentz scalar. The prefactor 
°a ...a v results from the integration over the t-variables. Thus, the residues are 
local. □ 
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We would like to stress that it was important to keep track of the combinato- 
rial factors which led to the cancellation of denominators -r\ — • Such denomina- 

smn Ti 

tors in the final formula (|94p would be fatal because in that case the it-integral of 
( 196]) would produce a hypergeometric function instead of the beta function and 
therefore an infinite sum for the residue, which could be non-local. 

Appendix B. Vertices contributing to the spectral action 

We compute here the individual vertex contributions (1541) to the spectral 
action. This is done by inserting the vertices ( |57l) into ( 1601) and computation of 
the tj-integrals. 

B.l. V 2 . The contribution of a single V 2 - vertex is 

(98) S t {V 2 ) = fdt x tr(e- wa )5?(/) , / = -2|0| 2 - - . 

Jo 

With tr(e _ajSt ) = (2 cosh(a;t)) 4 we have after second order Taylor expansion, 
ignoring the remainder and the odd first-order term, 

(99) SAV 2 ) = [ t——(f(0) + - PuPv (0)|e" A 

K ' K ' y R 4 (27r) 4 (tanh(^)) 4 V M ; d Pfl dp v K V 

= 2, „ (/(0)+^tanhMv/^-(0)) 
7r 2 tanh^(u;t) V op^dpy J 

— —7- — rr, .x / dx(f(x) -Lj\\x\\ 2 t&nh(tjt) f(x)) , 
ir z tanh (wt J J R 4 \ / 

after Fourier transformation f(p) = f R4 dx e~ ipx f(x). Inserting / we obtain after 
Laplace transformation the leading terms of the asymptotic expansion to 

(100) S 2 (V A ) = ^± [ dx(- 2\<p\ 2 - A»A» - B^){x) 

77 JR 4 

+ *° [ dx (uj 2 \x\ 2 (2\<P\ 2 + ApA* + BpB»){x) . 

71 JR 4 

B.2. V{V\. The contribution of two Vi -vert ices is 

(101) S t (V u V,) = f dh f h dt 2 tr( e -^)^'i_ t2 (-A, -A) + (A^B). 

Jo Jo 

This is the most involved computation. To ( l60i) there are the two contributions 
k\ = k 2 = 1 up to order and r 12 = r 2 i = 1 with Taylor expansion about 
p 2 = —pi up to order 2: 



(102) 
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* f* ll , f dp 1 dp 2 1 (P1+P2) 2 i sinhM 2 )sinhMt-t 2 )) 

: dtl / dt 2 / . . s J e 4a, tan h(u,t)+PlW W sinh(u,*) 

o Jo i(R 4 ) 2 ( 27r ) tanh (cut) 



x 



f j . . -j . . /sinh 2 (cc>(t-2t 2 )) «. cos(w(t - 2t 2 )) ' 

c/p 2 smh(wt) 

ft /■*-*! /• gfol ^2 S inh(2^t 2 )sinh(2^(t-t 2 )) 2 

= dh dt 2 / -t-^t » e 2 W sinh ( 2 Wt ) Pi 

Jo Jo h* (2vr) 4 7r2tanh 2 (^) 

f j„. , x /sinh 2 (cu(t-2t 2 )) e cos(cu(t - 2t 2 )) \ 

y V smh (ut) siuh{ut) J 

+ 4^>( Pl )^(-Pi) • ^ h M 2 )sinh(^(t-t 2 ))cos(^(t -2t 2 )) 
aj92 cos(o;t) sinh(wij 

+ cf 2 ^tanhM) + 4KK ^h 2 M 2 )sinh 2 (^(t-t 2 )) x 
V cos 2 (cut) / 

, d 2 Aa . . cos(w(* - 2i 2 )) 1 
op 2 op 2 smh(ut) J 

Up to this reduces to 

(103) 

\r* r dpi u2 



sinh(u;t) 



o Jo 



/ R 4 (27r) 4 7T 2 tanh 2 (cut) 
f j,,/ x j„, x /sinh 2 (cu(t-2t 2 )) 



cosh(w(t - 2f 2 )) sinh(2cjt 2 ) sinh(2w(t - t 2 )) ^ 
Miy sinh(u;t) sinh(2c<;t) ^ >1 / 



i„, si / x cosh(cu(t — 2t 2 )) 9i„/ x <9 2 ^L , . cosh(cj(t— 2t 2 )) 1 

smh(wt) op 2 op 2iP cosh(a;t) J 

+ (A h B) 

cipi cj 2 



/ R 4 (27r) 4 7r 2 tanh 2 (cjt) 
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+ tA»(p 1 )A li (- Pl ) + (out) tanh(c^) A"(p 1 )^^-(-p 1 ) | +(AhB). 

After Fourier and Laplace transformation, the leading contribution to the spectral 
action becomes 

(104) S n (V A ) = *=± [ dx (A^A* + B^) (x) 

71 Jr 4 

[ dx(cu 2 \\x\\ 2 )(A,A» + B,B»)(x) 
71 Jr 4 



Xo 



12tt 2 

B.3. V 2 V 2 , V 3 V 3 , V4V4. We have 



dx (F*F A ^ + F*F B >")(x) 



i=2 

ft rt—t\ 

= dh dt 2 
Jo Jo 



(105) J2s t (V h Vj 

tr(e-" a ) (SZ^ 2 (-\<P\ 2 ~ A^, -\<f>\ 2 - A»A») 
+ SZ-t 2 H<f>\ 2 ~ B^B", -|0| 2 - B^)) 

+ tr((6^ - b^)e-^ t2 (b^ - b^e-^-^ 

Since the S^° t _ t2 are at least of 0{t~ 2 ) , only the <9(f °)-part of e~ wSi2 and e-^t-fc) 
will contribute to the spectral action. Now the traces in A(^- 4 ) are eas y to 
compute: 

(106) tr(e wa ) = (2cosh(wt)) 4 , 
tr((&tM _ ^g-wEta^f _ ^) e -^(*-*2)) = _165^ + 0(t) , 

tr(i[6^-6 M ,6 tly -^]e^ st2 i[6 tp -6 p ,6 t,T -6 CT ]e- wS{t - t2) ) = 8(W° -5^5 vp )+0(t). 

After Taylor expansion about p 2 = —pi up to order 0, integration over p 2 ,ti,t 2 
and Laplace transformation we obtain 

(107) 

(S 22 +S 33 +S U )(V A ) = £L Jjx{2D^(D^) + (|0| 2 + A^) 2 
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+ F^F^ + (|0| 2 + B^f + F*F B ^}\ 



B.4. ViV 2 , With the abbreviation := |0| 2 + A^A**, we have 

(108) 

S t (V 1 ,V 2 ) + S t (V 2 ,V 1 ) 

= f dtx f h dt 2 tr(e-«»)(5i%(-A + Sg^C"/** -A)) 

+ (AhB) 

" l r d Pl d P2 1 

dt\ \ dt 2 / — — — j- — - 

(! Jo Jr*xr± (27r)» tanh (ut) 

x (^(pO/Mfa) ~ Pi,^(p 2 )/ M (pi)) Sinh ^h("^ 2)) e " iPQ ' V + - ^) 



n j j R4 (27r) 4 7r 2 tanh 2 (cut) sinh(u;t) 

x (-pi, M >(pi)jU-pi) -Pi >m >(-Pi)/m(Pi)) + (A ^ B) + O(t) 
= 0(f) • 
We thus have 

(109) Si2(P A ) = • 

B.5. ViV!V 2 , ViV 2 V u V 2 V 1 V 1 . Only the h = terms in contribute to 
the leading order. With the abbreviation f^A '■= |</>| 2 + A^A^, these give 

(110) 

StiVt, V u V 2 ) + S t (V x , V 2 , V x ) + S t (V 2 , V x , V x ) 

= f dti f X dt 2 \ 1 2 rft 3 tr(e-^feV* 2 -ta(-A-A-/^) 
Jo Jo Jo v 

+ sS&V*-*(-4 -^) + s&S,i-«.-te(-/«A. -A -^)) + #) 

* /■*- tl /■ t " tl "* a /W /■ d Pl dp 2 dp 3 -2u 



^0 jo 



(27r) 12 tanh 4 (tut) sinh(o;i) 
x ( AMA^p^f^Aips) cosh(cu(t - 2t 3 )) 

+ 4(pi)/^(p2)i M (p 3 ) cosh(u;(t - 2t 2 - 2t 3 )) 

+ / M (pi)4(p 2 )>(p 3 ) cosh(cu(t - 2t 2 )))e-^ Q - 1 ? + (A^B) + 0(f) 
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JO JO 



(2tt) 8 tt 2 tanh 2 (u;t) sinh(u;t) 
x A M (p 1 )>(p 2 )/ M (-pi - pa) ( cosh(cu(t - 2t 3 )) + cosh(cu(t - 2t 2 - 2t 3 )) 
+ cosh(c;(t - 2t 2 ))) + {A^ B) + 0(t) 



= f ^ot 2 2 [ +J M)Mp*)Ua(-Pi ~ ft.) + - 5) + 0(t) . 
7(K4)2 (Z7rj° 7r^tanh (cut) 

After Fourier and Laplace transformation we obtain 

(111) S ll2 (V A ) = -*§ / dx{A^(|0| 2 + A„A") + fi^(|0| 2 + B^Vs) . 

B.6. ViViV\. The leading order in (160]) is given by the (ki = l,r 23 = 1) and 
the other two cyclic permutations: 

(112) 

StiVuVuV,) 

dh [ 'dtJ 2 dtstrie-^Sl^^i-A-A^+iA^B) 
o Jo Jo 

\, r ti ~\\ f d P1 d P2 d P3 -2u A , 

dh / dt 2 / dh / — — . - A At (p 1 )A„(p 2 )^(p 3 ) 

Jo Jo J(R 4 )3 (,27rJ lz tanh (cut) smh (cut) 

x ((p£ sinh(cj(t - 2i 3 )) +p 3 l sinh(a;(i - 2t 2 - 2t 3 )))5 up cosh(c;(t - 2t 2 )) 

+ (pg sinh(cj(t - 2i 2 )) + p\ sinh(cj(2t 3 - t)))5 pp cosh(cj(t - 2t 2 - 2t 3 )) 

+ (p?sinh(cj(2t 2 + 2t 3 - £)) + p p 2 sinh(cj(2t 2 - t)))5 pu cosh(cj(t - 2t 3 )) 



x e"^ Q " lp + (A h B) 

/"'"r 1 Z"* - * 1- * 2 /" d Pl dp 2 dp 3 -2uj - . . . , 2 . . 

*/. * 2 X ^i,,,,. (2,)- t a„h*M) 8 mhV) ''^ ^ 
x p 2 t ^sinh(cu(2t 2 - 2* 3 )) + sinh(cj(4t 3 + 2t 2 - 2i) + sinh(cu(2t - 4t 2 - 2t 3 )) 
+ (A\-> B) 

= o(t) . 

(The integral without e~^ p ® lp cancels exactly.) We thus have 
(113) S in (V A ) = 0. 



NON-COMPACT SPECTRAL TRIPLES WITH FINITE VOLUME 



35 



B.7. ViViViVi. The leading order in fl60l) is given by the three possibilities 
with ki = 0: 

(114) 

StiV^V^Vj) 

rt—ti pt—t\—t2 rt—tx—tn—ta 

dti / dt 2 / dt 3 / rft 4 tr(e^ st ) 

n JO JO Jo 

x Sl:fJ 2 ,_ t2 _ t3 _ t (-A, -A, -A, -A) + {A^B) 



t4,t3,t2,t—t2 — ts—t4 ' 

dp 1 dp 2 dp 3 (2ujf 



3 (2tt) 12 tanh 4 (cut)sinh 2 (^) " 

i ft — tl ft — t\ — 1"2 ft — tl — £2 ft — t\ — t e i — £3 



i^( Pl )i,(p 2 )i p (p 3 )v4 CT (P4 



rt rt—ti nt— tl— 12 /■!— tl— 12 /"t— tl— 12— 13 y 

x Mti / cft 2 / c/t 3 / dt 3 / dt 4 ( cosh^i) cosh(u;t43)5 Mly 5 pCT 

Jo </o Jo Jo Jo ^ 

+ cosh(cjt 31 ) cosh(cjt 4 2)^ p ^ <T + cosh(u;t4i) cosh^a)^"") + (A i-> B) 



with t 21 = t - 2U, t 43 = t - 2t 2 , t 31 = t - 2t 3 - 2t 4 , t 42 = t - 2t 2 - 2t 3 , 
t^i = t — 2t 2 — 2t 3 — 2ti and t 32 = t — 2t 3 . Taylor expansion in p 4 and Gaufiian 
integration over yield, as usual, a factor ^ tanh(u;t) and an exponential 
function which can be ignored in leading order. The ti . . . t 4 integrals evaluate to 
so that we conclude 



t 2 sinh 2 (urf) 
8a; 2 



;il5) Shu (Pa) = |^ J dx [a^A v A v + B^B V B V ^[ 



x 
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